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Àííîòàöèß
Â ðàáîòå ïîêàçàíî ïðåäñòàâëåíèå ôèíèòíîãî ôóíêöèîíàëà ïîãðåøíîñòè ÷å-
ðåç ëîêàëüíî ñóììèðóåìóþ ôóíêöèþ. Â ïðåäñòàâëåíèè èñïîëüçóåòñß èçâåñò-
íîå ôóíäàìåíòàëüíîå ðåøåíèå îäíîãî ýëëèïòè÷åñêîãî îïåðàòîðà. Ïðè ýòîì,
äëß íîðìèðîâàíèß ïðîñòðàíñòâà Ñîáîëåâà íå èñïîëüçóþòñß ïñåâäîäèôôåðåí-
öèàëüíûå îïåðàòîðû. Íè íîðìà, íè ïðåäñòàâëåíèå ôóíêöèîíàëà íå ñîâïàäàþò
ñ îïèñàííûìè ðàíåå íè ïðè êàêèõ çíà÷åíèßõ íàèáîëüøåãî ïîðßäêà ïðîèçâîäíûõ
ôóíêöèé ðàññìàòðèâàåìîãî êëàññà.
Ëîêàëüíî ñóììèðóåìàß ôóíêöèß, ðåàëèçóþùàß ôóíêöèîíàë ïîãðåøíîñòè êó-
áàòóðíîé ôîðìóëû â îñíîâíîì ïðîñòðàíñòâå, ßâëßåòñß ðåøåíèåì íåêîòîðîãî äèôôå-
ðåíöèàëüíîãî óðàâíåíèß ñ ÷àñòíûìè ïðîèçâîäíûìè â îáîáùåííûõ ôóíêöèßõ. Åñëè
óðàâíåíèå ßâëßåòñß ëèíåéíûì ñ ïîñòîßííûìè êîýôôèöèåíòàìè, òî òàêàß ôóíêöèß
ïðåäñòàâëßåò ñîáîé ñâåðòêó ïðàâîé ÷àñòè ñ ôóíäàìåíòàëüíûì ðåøåíèåì. Â ñëó÷àå
ôàêòîð-ïðîñòðàíñòâ òàêèì óðàâíåíèåì âûñòóïàåò ïîëèãàðìîíè÷åñêîå, ãäå îïåðàòî-
ðîì ßâëßåòñß îïåðàòîð Ëàïëàñà ñîîòâåòñòâóþùåãî ïîðßäêà [1], [2]. Â ïðîñòðàíñòâå æå
Ñîáîëåâà, íîðìèðîâàííîì ñ ó÷àñòèåì ïðîèçâîäíûõ âñåõ ïîðßäêîâ, îïåðàòîð ñîäåð-
æèò ñóììó îïåðàòîðîâ Ëàïëàñà ñ âîçðàñòàíèåì ïîðßäêà, è íàõîæäåíèå ôóíäàìåí-
òàëüíîãî ðåøåíèß òàêîãî óðàâíåíèß ïðåäñòàâëßåò çíà÷èòåëüíóþ òðóäíîñòü. Ïîñêîëü-
êó óðàâíåíèå ñòðîèòñß íà îñíîâå íîðìû îñíîâíîãî ïðîñòðàíñòâà, òî çàäà÷à ðåøàåòñß
îáû÷íî ïîäáîðîì òàêîé íîðìû, ÷òîáû ôóíäàìåíòàëüíîå ðåøåíèå ñîîòâåòñòâóþùåãî
óðàâíåíèß áûëî èçâåñòíûì.
Â äàííîé ðàáîòå â îòëè÷èå îò [3] íîðìà îïðåäåëåíà òàêèì îáðàçîì, ÷òî ïðè åå
ïîñòðîåíèè íå èñïîëüçóþòñß ïñåâäîäèôôåðåíöèàëüíûå îïåðàòîðû.
Ðàññìàòðèâàåòñß ïðîñòðàíñòâî ÑîáîëåâàW
(m)
p (Rn) îñíîâíûõ ôóíêöèé ϕ ñ íîð-
ìîé ∥∥ϕ ∣∣W (m)p (Rn)∥∥ =
∫
Rn
m∑
k=0
m!
k!(m− k)!
∑
|α|=k
k!
α!
|Dαϕ|p dx
1/p . (1)
Ôóíêöèîíàë ïîãðåøíîñòè êóáàòóðíîé ôîðìóëû
〈l, ϕ〉 =
∫
Rn
(
χΩ(x)−
N∑
k=0
ckδ
(
x− x(k)))ϕ(x)dx,
ãäå ck  êîýôôèöèåíòû, x
(k)  óçëû, ßâëßåòñß ôèíèòíûì: ∃r > 0: supp l ⊂ B(a, r).
Çäåñü B(a, r) øàð ñ öåíòðîì a ∈ Rn è ðàäèóñîì r. Îáëàñòü èíòåãðèðîâàíèß Ω ⊂
B(a, r) èìååò õàðàêòåðèñòè÷åñêóþ ôóíêöèþ
χΩ(x) =
{
1, x ∈ Ω,
0, x /∈ Ω.
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Íà ïàðàìåòðû ïðîñòðàíñòâà W
(m)
p (Rn) íàêëàäûâàþòñß îãðàíè÷åíèß
pm > n, 1 < p <∞, 1/p+ 1/q = 1. (2)
Ïîêàæåì, ÷òî ïðåäñòàâëåíèå ñóùåñòâóåò, åäèíñòâåííî è ðåàëèçóåòñß ôóíêöèåé,
ëîêàëüíî ñóììèðóåìîé â ñòåïåíè q âìåñòå ñî âñåìè ñâîèìè ïðîèçâîäíûìè.
Òåîðåìà 1. Ñóùåñòâóåò ôóíêöèß ψ ∈ W (m)q (Rn), ðåàëèçóþùàß íà ïðîèç-
âîëüíîé ôóíêöèè ϕ ∈ W (m)p (Rn) ñ íîðìîé (1) è ïðè óñëîâèßõ (2) äàííûé ëèíåéíûé
ôóíêöèîíàë â âèäå
〈l, ϕ〉 =
∫
Rn
m∑
k=0
m!
k!(m− k)!
∑
|α|=k
k!
α!
DαψDαϕdx (3)
ñ íîðìîé
∥∥∥l ∣∣∣W (m)∗p (Rn)∥∥∥ = ∥∥∥ψ ∣∣∣W (m)q (Rn)∥∥∥.
Äîêàçàòåëüñòâî. Ïîñëåäîâàòåëüíîå ïðèìåíåíèå íåðàâåíñòâ Ãåëüäåðà ê âû-
ðàæåíèþ (3) ïðèâîäèò ê îöåíêå
|〈l, ϕ〉| ≤ ∥∥ψ ∣∣W (m)q (Rn)∥∥∥∥ϕ ∣∣W (m)p (Rn)∥∥ ,
÷òî îçíà÷àåò, âî-ïåðâûõ, îãðàíè÷åííîñòü ôóíêöèîíàëà, âî-âòîðûõ, íåîáõîäèìîñòü
ïðèíàäëåæíîñòè ôóíêöèè ψ ïðîñòðàíñòâó W
(m)
q (Rn), îòêóäà
|〈l, ϕ〉|∥∥∥ϕ ∣∣∣W (m)p (Rn)∥∥∥ ≤
∥∥ψ ∣∣W (m)q (Rn)∥∥ .
Äàëåå, ïîñêîëüêó ïðàâàß ÷àñòü íåðàâåíñòâà íå çàâèñèò îò ôóíêöèé ϕ ∈ W (m)p (Rn), è
íåðàâåíñòâî âåðíî äëß âñåõ òàêèõ ôóíêöèé, òî
sup
ϕ6=0
|〈l, ϕ〉|∥∥∥ϕ ∣∣∣W (m)p (Rn)∥∥∥ ≤
∥∥ψ ∣∣W (m)q (Rn)∥∥ ,
÷òî ñîãëàñíî îïðåäåëåíèþ íîðìû äàåò∥∥l ∣∣W (m)∗p (Rn)∥∥ ≤ ∥∥ψ ∣∣W (m)q (Rn)∥∥ . (4)
Äëß ïîñòðîåíèß îáðàòíîãî íåðàâåíñòâà ðàññìîòðèì ôóíêöèîíàë íà ôóíêöèè θ:
Dαθ = |Dαψ|1/(p−1) signDαψ, ∀|α| ≤ m, (5)
îí áóäåò ðàâåí
〈l, θ〉 =
∫
Rn
m∑
k=0
m!
k!(m− k)!
∑
|α|=k
k!
α!
|Dαψ|q dx = ∥∥ψ ∣∣W (m)q (Rn)∥∥q . (6)
Äàëåå èç (5) ñëåäóåò
Dαψ = |Dαθ|p−1 signDαθ, ∀|α| ≤ m.
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Èçâåñòíî, ÷òî äëß ëþáîé f ∈ Lp, 1 < p <∞, 1/p+ 1/q = 1, ôóíêöèß |f |p−1signf ∈ Lq
[1]. Òàê êàê ψ ∈ W (m)q , òî Dαψ ∈ Lq, ñëåäîâàòåëüíî, Dαθ ∈ Lp, |α| ≤ m, θ ∈ W (m)p .
Òàêèì îáðàçîì, íîðìà ôóíêöèè θ óäîâëåòâîðßåò ñîîòíîøåíèþ∥∥θ ∣∣W (m)p (Rn)∥∥p = ∥∥ψ ∣∣W (m)q (Rn)∥∥q . (7)
Äàëåå èç
〈l, θ〉 ≤ ∥∥l ∣∣W (m)∗p (Rn)∥∥∥∥θ ∣∣W (m)p (Rn)∥∥ .
ñ ó÷åòîì(6) è (7)ñëåäóåò∥∥l ∣∣W (m)∗p (Rn)∥∥ ≥ |〈l, θ〉|∥∥∥θ ∣∣∣W (m)p (Rn)∥∥∥ =
∥∥ψ ∣∣W (m)q (Rn)∥∥ .
Ïîëó÷èëîñü íåðàâåíñòâî, îáðàòíîå ê (4), ñëåäîâàòåëüíî,∥∥l ∣∣W (m)∗p (Rn)∥∥ = ∥∥ψ ∣∣W (m)q (Rn)∥∥ .
Òåîðåìà äîêàçàíà.
Òåîðåìà 2. Ôóíêöèß, ðåàëèçóþùàß ïðåäñòàâëåíèå (3) â óñëîâèßõ òåîðåìû
1, åäèíñòâåííà â ïðîñòðàíñòâå îáîáùåííûõ ôóíêöèé è èìååò âèä
ψ = G2m ∗ l (8)
ãäå G2m  ôóíäàìåíòàëüíîå ðåøåíèå äèôôåðåíöèàëüíîãî îïåðàòîðà ñ ïîñòîßííûìè
êîýôôèöèåíòàìè
m∑
k=0
m!
k!(m− k)!(−1)
k
∑
|α|=k
k!
α!
D2α.
Äîêàçàòåëüñòâî îñíîâàíî íà èíòåãðèðîâàíèè ïî ÷àñòßì (3)
〈l, ϕ〉 =
∫
Rn
m∑
k=0
m!
k!(m− k)!(−1)
k
∑
|α|=k
k!
α!
D2αψϕdx,
÷òî ðàâíîñèëüíî äèôôåðåíöèàëüíîìó óðàâíåíèþ â îáîáùåííûõ ôóíêöèßõ
m∑
k=0
m!
k!(m− k)!(−1)
k
∑
|α|=k
k!
α!
D2αψ = l.
Îïåðàòîð óðàâíåíèß ëèíååí è èìååò ïîñòîßííûå êîýôôèöèåíòû. Ñîãëàñíî [4] ðå-
øåíèå òàêîãî óðàâíåíèß åäèíñòâåííî â ïðîñòðàíñòâå îáîáùåííûõ ôóíêöèé è ðàâíî
ñâåðòêå åãî ôóíäàìåíòàëüíîãî ðåøåíèß ñ ïðàâîé ÷àñòüþ, ÷òî äîêàçûâàåò óòâåðæäå-
íèå òåîðåìû. Ôóíäàìåíòàëüíîå ðåøåíèå åãî èçâåñòíî è ïðèâåäåíî â [5].
Òåîðåìà 3. Ôóíêöèß (8) â óñëîâèßõ (2) ïðèíàäëåæèò ïðîñòðàíñòâó
W
(m)
q (Rn) ñ íîðìîé âèäà (1).
Äîêàçàòåëüñòâî. Äëß äîêàçàòåëüñòâà òðåáóåòñß óñòàíîâèòü ñóììèðóåìîñòü â
ñòåïåíè q ÷àñòíûõ ïðîèçâîäíûõ âñåõ ïîðßäêîâ |α| ≤ m ôóíêöèè G2m. Íà îñíîâàíèè
îöåíîê [5]
|DαG2m| ≤ Ce−|x||x| 2m−n−12 , |x| > 1,
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âñå ÷àñòíûå ïðîèçâîäíûå óáûâàþò íà áåñêîíå÷íîñòè ïî ýêñïîíåíöèàëüíîìó òèïó,
è íåñîáñòâåííûå èíòåãðàëû âíå åäèíè÷íîãî øàðà îò êàæäîé ïðîèçâîäíîé ñõîäßòñß
Îöåíêà âíóòðè åäèíè÷íîãî øàðà ðàçáèâàåòñß íà òðè ñëó÷àß. Íåñîáñòâåííûé èíòåãðàë
îò îöåíèâàþùåé ôóíêöèè
|DαG2m| ≤ C(1− ln |x|), |x| < 1,
ñõîäèòñß ïðè n− 2m+ |α| = 0 è ÷åòíîì |α|. Ïðè n− 2m+ |α| < 0 èíòåãðàë îò îöåíêè
|DαG2m| ≤ C, |x| < 1,
ßâëßåòñß ñîáñòâåííûì. Ïðè n − 2m + |α| = 0 è íå÷åòíîì |α| èëè n − 2m + |α| > 0
íåñîáñòâåííûé èíòåãðàë îò îöåíêè
|DαG2m| ≤ C 1|x|n−2m+|α| , |x| < 1,
âîçâåäåííîé â ñòåïåíü q ñõîäèòñß ïðè p(2m − |α|) > n. Ñëåäîâàòåëüíî, èíòåãðàëû
îò ïðîèçâîäíûõ íàèâûñøåãî ïîðßäêà îöåíèâàþòñß ñõîäßùèìñß íåñîáñòâåííûì èíòå-
ãðàëîì ïðè pm > n.
Íà îñíîâàíèè ñêàçàííîãî è ñ ó÷åòîì îãðàíè÷åííîñòè ëèíåéíîãî ôóíêöèîíàëà â
Lq [1] äëß âñåõ |α| ≤ m èíòåãðàëû îò ïðîèçâîäíûõ ñâåðòêè, âîçâåäåííûõ â ñòåïåíü q,
ñõîäßòñß ïðè pm > n, ñëåäîâàòåëüíîDαG2m∗l ∈ Lq(Rn), |α| ≤ m èG2m∗l ∈ W (m)q (Rn),
ò. å. ñâåðòêà è åå ïðîèçâîäíûå âñåõ ïîðßäêîâ ëîêàëüíî ñóììèðóåìû â ñòåïåíè q.
Òåîðåìà äîêàçàíà.
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